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Â äîêëàäå áóäåò ðàññêàçàíî î äâóõ òåîðèÿõ èíäåêñà è ñâÿçè ìåæäó íèìè.
Â ñâîåé ðàáîòå Â.Ìàòàè, Ð. Ìåëðîóç è È. Çèíãåð ðàçðàáîòàëè òåîðèþ èíäåêñà äëÿ
ïðîåêòèâíûõ ñåìåéñòâ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ. Èíà÷å ãîâîðÿ, òàêîå ñå-
ìåéñòâî {Db, b ∈ X} íà ñëîÿõ ðàññëîåíèÿ

φ : M → X

ñ áàçîé X, òèïè÷íûì ñëîåì F , -ýòî íàáîð ëîêàëüíî ýëëèïòè÷åñêèõ ñåìåéñòâ äëÿ îò-
êðûòîãî ïîêðûòèÿ áàçû X, äåéñòâóþùèõ íà êîíå÷íîìåðíûõ âåêòîðíûõ ðàññëîåíèÿõ
ôèêñèðîâàííîãî ðàíãà. Ïðîåêòèâíûå âåêòîðíûå ðàññëîåíèÿ îïðåäåëåÿþò êëàññ, êëàññ
Äèêñìüå-Äóàäè, Θ ∈ H3(X,Z). Òîãäà ïðè ïðåäïîëîæåíèè, ÷òî Θ ∈ TorH3(X,Z), ìîæ-
íî îïðåäåëèòü àíàëèòè÷åñêèõ è òîïîëîãè÷åñêèõ èíäåêñ Db êàê ýëåìåíòû êðó÷åíîé K-
òåîðèè ñî ñêðó÷èâàþùèì ýëåìåíòîì Θ, è îíè ðàâíû.
Â.Íèñòîð è Å. Òðîèöêèé â ñâîåé ðàáîòå ðàññìàòðèâàþò ñåìåéñòâà ýëëèïòè÷åñêèõ îïå-
ðàòîðîâ, èíâàðèàíòíûõ ïîä äåéñòâèåì ñåìåéñòâà ãðóïï Ëè. Îïåðàòîðû, èíâàðèàíòíûå
îòíîñèòåëüíî äåéñòâèÿ ñåìåéñòâà ãðóïï Ëè G → B, áóäåì íàçûâàòü êàëèáðîâî÷íî-
èíâàðèàíòíûìè.
Äëÿ îïðåäåëåíèÿ êàëèáðîâî÷íî-ýêâèâàðèàíòíîãî èíäåêñà íåîáõîäèìî îïðåäåëèòü è èçó-
÷èòü ñâîéñòâà ãðóïïKi

G(Y ) êàëèáðîâî÷íî-ýêâèâàðèàíòíîéK-òåîðèè äëÿ ëþáîãî ëîêàëüíî-
òðèâèàëüíîãî ðàññëîåíèÿ Y → B, íà êîòîðîì G äåéñòâóåò ãëàäêî, ïîñêîëüêó îíè ÿâ-
ëÿþòñÿ åñòåñòâåííîé îáëàñòüþ çíà÷åíèé äëÿ èíäåêñà êàëèáðîâî÷íî-èíâàðèàíòíûõ ñå-
ìåéñòâ ýëëèïòè÷åñêèõ îïåðàòîðîâ. Îêàçûâàåòñÿ, ÷òî ýòè ãðóïïû óäîâëåòâîðÿþò îáû÷-
íûì ñâîéñòâàì ãðóïï ýêâèâàðèàíòíîé K-òåîðèè, îäíàêî âîçíèêàþò íîâûå èíòåðåñíûå
ñâîéñòâà, ñâÿçàííûå ñ òåì, ÷òî ðàññëîåíèå G → B íå òðèâèàëüíî. Â óñëîâèÿõ êîíå÷-

íîé ãîëîíîìèè ýòè ãðóïïû óñòðîåíû õîðîøî. Áîëåå òîãî, åñëè C∗(G) -îáåðòûâàþùàÿ
C∗-àëãåáðà ðàññëîåíèÿ êîìïàêòíûõ ãðóïï Ëè, òî Kj

G(B) ∼= Kj(C
∗(G)), åñëè G → B

óäîâëåòâîðÿåò óñëîâèþ êîíå÷íîé ãîëîíîìèè.Àëãåáðà C∗(G) èçîìîðôíà ïðÿìîé ñóììå
ïîëåé êîíå÷íîìåðíûõ ìàòðè÷íûõ àëãåáð íàä íàêðûòèåì íàä B.
Ìû äîêàçûâàåì, ÷òî êëàññ Äèêñìüå-Äóàèäè ýòèõ ïîëåé ìîæåò áûòü ïîëó÷åí èç åäèí-
ñòâåííîãî êëàññà âH2(B,Z(G)∩G′)), ãäåG′ -êîììóòàíò. Áîëåå òî÷íî, åñëè B̂ -óíèâåðñàëüíîå
íàêðûòèå íàä B è B′ = B̂ ×π1(B,b0) (Aut(G)/Aut0(G)), ïóñòü

fσ : B′ → Bσ = B ×π1(B,b0) (Aut(G)/Aut0(G))σ.

Â ñëó÷àå êîãäà G óäîâëåòâîðÿåò óñëîâèÿì êîíå÷íîé ãîëîíîìèè ïðåïÿòñòâèå χ′ ∈ H2(B′, Z(G)∩
G′) è èíâàðèàíò Äèêñìüå-Äóàäè ñâÿçàíû ñëåäóþùèì îáðàçîì:

(fσ)
∗(f∗(χσ)) = σ∗(χ

′),
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ãäå σ∗ : H2(B′, Z ′)→ H2(B′,Z/dσZ). è f∗ : H2(Bσ,Z/dZ)→ TorH3(Bσ,Z).
Òåì ñàìûì, óñòàíîâëåíà ñâÿçü ìåæäó óñëîâèÿìè êîíå÷íîé ãîëîíîìèè äëÿ ãðóïï êàëèáðîâî÷íî-
ýêâèâàðèàíòíîé K-òåîðèè è óñëîâèåì ïðèíàäëåæíîñòè TorH3(Bσ,Z).

Ëèòåðàòóðà

1. V. Mathai, R., B, Melrose, I., M, Singer, The index of projective families of elliptic
operators. Geometry and Topology, volume 9, 2005, pp.341-373

2. V., Nistor, E., Troitsky, An index for gauge-invariant operators and the Dixmier-
Douady invariant. Trans. Amer. Math. Soc., 356 (2004) No.1, 185-218.

3. V. Nistor, E. Troitsky, The Thom isomorphism in gauge-equivariant K-theory. In: C*-
algebras and elliptic theory, Birkh�auser Trends in Math. series, 2006, pp.213-245

4. V. Nistor, E. Troitsky, Index Theorem for gauge-equivariant families. Preprint, 2012.

2


